We present a new independent evaluation of the hadronic vacuum polarization contributions a had l
We present a new independent evaluation of the hadronic vacuum polarization contributions a had l (l.o) ≡ 1 2 (g − 2)
had l (l.o) to the anomalous magnetic moment (anomaly) of the muon and tau leptons using τ -decays and e + e − data. The alone theoretical input used for describing the high-energy region not accessible experimentally is perturbative QCD plus (negligible) additional effects due to the QCD vacuum condensates. We obtain: a 
INTRODUCTION
The recent E821 BNL result [1] for the measurement of the muon anomaly averaged with older determinations [2, 3] gives [4] : 
The announcement of a 2.6σ deviation [1, 4] of this experimental result from the standard model (SM) prediction has stimulated intensive publications on the possible signal or/and constraints on new physics, but has also raised some criticisms [5] . In this paper, we consider that the only rational answer to the the criticisms of [5] is an independent re-evaluation of the hadronic vacuum polarisation contribution to the muon anomaly as an update of our old estimate in [6] , which is the main motivation of this work. In order to avoid some specific theoretical dependences of the result, we shall mainly use the available data from τ -decay and e + e − → hadrons, and limit ourselves to the use of perturbative QCD plus (negiligible) additional effects due to the QCD vacuum condensates for describing the high-energy region (QCD continuum) not accessible experimentally. We shall compare our results with previous determinations and analyze its implications for some new physics (e.g. supersymmetry, radiative muon, composite, extended Zee and leptoquark models) beyond the SM. Finally, we update our old and first [7] SM predictions for a τ .
THE HADRONIC VACUUM POLARISA-TION CONTRIBUTION TO THE LEP-TON ANOMALY
Several papers have been devoted to the analysis of the contribution to the muon anomaly. Works prior 76 have been reviewed in [6] , while more recent works (after 85) are reviewed in [4, 5] . A partial historical review of the different determinations since 61 can be found in Figure 2 of [8] , which we complete and update in Table 1 , where only works published in journals with referee-policies have been considered. Using a disper- Selected results marked with * sion relation, the hadronic vacuum polarisation contribution to the lepton anomaly a l can be expressed as [9] - [13] :
− K l (t ≥ 0) is the QED kernel function [27] :
K l (t) is a monotonically decreasing function of t. For large t, it behaves as:
which will be useful for the analysis in the large t regime. Such properties then emphasize the importance of the low-energy contribution to a had l (l.o) (l ≡ e, µ), where the QCD analytic calculations cannot be applied. − σ H (t) ≡ σ(e + e − → hadrons) is the e + e − → hadrons total cross-section which can be related to the hadronic two-point spectral function ImΠ(t) em through the optical theorem:
where:
Here,
is the correlator built from the local electromagnetic current:
− In the following, we shall discuss in details the different hadronic contributions to a had µ (l.o). Our results will be given in Table 2 . Due to the t-behaviour of the kernel function K µ (t), this region gives so far the most important contribution to a had µ (l.o) (≈ 68% of the total contribution), and also the largest source of the errors (77% when added quadratically). In our numerical analysis, we divide this region into three subregions. − The first one is the region near the two pions threshold 4m 2 π ≤ t ≤ 0.4 GeV 2 , where the pion form factor |F π | 2 (t) is constrained by universality |F π | 2 (0) = 1 and by the t expansion predicted by chiral perturbation theory:
or its resummed expression [28] . r 2 π ≃ (0.431 ± 0.026) fm 2 is the mean pion charge radius squared and c π ≃ (3.2 ± 1.0) GeV 4 [29] . One can inspect that the ALEPH/OPAL [30, 31] and e + e − data compiled in [21, 24, 34] satisfy both constraints. − The second region is the one from 0.4 GeV 2 ≤ t ≤ 0.6 GeV 2 on the top of the ρ resonance. − For these two regions, we shall use CVC hypothesis which relates the electromagnetic to the charged current through an isospin rotation [32] :
We follow the notation of ALEPH [30] , where:
is the charged vector two-point correlator:
built from the local charged current
We use the accurate semi-inclusive ALEPH/ OPAL data [30, 31] . For a comparison, we also show the results obtained from the use of e + e − data in the whole region below 0.6 GeV 2 . − The third region is the one from 0.6 GeV 2 to 0.8 GeV 2 , which is peculiar due to the ω−ρ mixing. In this region, we use either the τ -decay data with corrected ω − ρ mixing effect, or the e + e − data alone compiled in [24, 30] . One can check from the data that the effect of the 4π is negligible in such a region.
Region from 0.8 to 3 GeV 2 For our fitting procedure, we use CVC and the ALEPH/OPAL semi-inclusive τ -decay data [30, 31] . The dominant error from this region comes from the one between 2.1 and 3 GeV 2 (88% when the errors are added quadratically), due to the incaccuracy of the data near M τ . For a comparison, we also show the results when using the sum of exclusive modes from e + e − compiled in [30, 24] , where in this case the errors come mainly from the region below 2 GeV 2 .
LIGHT ISOSCALAR MESONS ω and φ mesons
We treat these mesons in a narrow width approximation (NWA), which is expected to be a good approximation. Using the relation between the e + e − → hadrons total cross section and the leptonic width Γ ee of the meson with a mass M R :
one can write:
where, we shall use the PDG values of the electronic widths [33] .
We estimate the effect of this region by using the sum of exclusive I = 0 modes for the ratio R
I=0
e + e − compiled in [34] .
Region between 1.39 2 and 3 GeV In order to account for the multi-odd pions, KK,KKπ, ... modes, we estimate the effect of this region by assuming that it is mainly given by the ω(1419), ω(1662) and φ(1680), with their parameters measured by the DM2 [35] and DM1 [36] collaborations. We shall estimate their leptonic widths which are multiplied by the hadronic branching ratios in [35, 36] , by assuming (see PDG [33] and the indication from DM2 and DM1 data), that the ω(1419) (l.o) using combined e + e − and inclusive τ decay data (2nd and 4th columns) and averaged e + e − data (3rd column). 88 .0 ± 4 .7
Region in GeV
decays predominantly into ρπ (we assume it to be approximately 90%); the ω(1662) decays mainly into ρπ (44%) and ωπ (56%), while the φ(1680) decays dominantly into K * K (93%) and to KK (7%). In this way, we deduce the leptonic widths:
We use a Breit-Wigner (BW) form for evaluating their contributions:
where we take M R from PDG [33] and:
THE J/ψ AND Υ FAMILIES
We consider the six J/ψ mesons 1S, 2S, 3770, 4040, 4160 and 4415, and the five Υ mesons 1S, 2S, 3S, 4S and 11020. We treat these mesons using NWA and the data on their electronic widths from PDG [33] .
QCD CONTINUUM
As advertized previously, we shall treat the region not accessible experimentally by using perturbative QCD where it is expected to work and where nonperturbative effects like e.g. the quark and gluon condensates are negligible corrections.
Input for light quarks
In the case of massless quarks, the unit operator contribution to R e + e − is accurately known and reads, in the M S scheme:
with:
for n f quark flavours; Q f is the quark charge in units of e and a s ≡ (α s /π) is the QCD running coupling which we use to order a 2 s (see e.g. the expression in [39, 40] ). We also use, the value of the QCD scale for three flavours:
obtained using the central value α s (M Z ) = 0.119 [33, 41] .
To this perturbative correction, we add the light quark mass and non-perturbative corrections. We shall also consider the effects of a tachyonic gluon mass evaluated in [42] in order to take into account the effects of the truncation of the QCD perturbative series.
The dimension D = 2 (m 2 f and tachyonic gluon) corrections are [39, 42, 43] :
where [42] a s λ 2 ≃ −(0.06 ∼ 0.07) GeV 2 . The dimension D = 4 corrections are [44, 39] :
where
The running quark mass in the M S scheme is defined as (see e.g. [40] ):
where for three flavours the quark mass anomalous dimensions are (see e.g. [39, 40] ): γ 1 = 2, γ 2 = 91/12, γ 3 = 24.8404, while the coefficients of the β function are:
We shall use the value of the invariant strange quark mass [46] :
We take into account the SU (3) breaking of the quark condensates ss / d d ≃ 0.68
−0.29 [47] and consistently use f K = 1.2f π .
Input for heavy quarks
In the case of heavy quarks, the perturbative spectral function can be accurately approximated by the Schwinger interpolating formula [48] :
and:
is the quark velocity; m f is the heavy quark (pole) mass of flavour f . We shall see that, in the region where we shall work (away from threshold and for large t), these two parametrizations provide a sufficiently accurate description of the spectral function. For a conservative estimate, we shall consider the range of values spanned by the running and pole quark masses for the heavy quarks [49] :
Within the present accuracy of the values of the heavy quark masses, we find that it is not necessary to include the known α 2 s corrections [50] .
We complete the contribution of the light quark channels by adding the QCD continuum from t c = 3 to (4.57 GeV) 2 . We shall use the value of Λ 3 given in Eq. (22) . Our value of t c is higher than t c ≃ 1.6 GeV 2 from global duality constraint in the I = 1 channel [51] 1 . We have compared a I=1 µ (1.6 ≤ t ≤ 3) GeV 2 from a QCD continuum parametrization and from the uses of data. They only differ by 16×10 −11 , showing that the QCD continuum provides a good smearing of the data. We shall include this value into the systematics. One can also realize that the mass and non-perturbative corrections tend to cancel each others, whilst, individually, they are already small.
The (u, d, s, c) flavour contributions
We add the contribution of the charm quark about 150 MeV above the J/ψ(4415) (≈ empirical mass-splitting between the radial excitations). In this region, the previous expressions give a good description of the spectral function, because at this energy, the charm quark is already relativistic with a velocity larger than 0.75. Additional threshold effects are taking into account by transforming the value of Λ 3 into Λ 4 .
The (u, d, s, c, b) flavour contributions The contribution of the b-quark is added about 250 MeV above the Υ(11020) resonance (≈ empirical masssplitting between the radial excitations). Again at this energy, the b quark is already relativistic as its velocity is larger than 0.55, such that our perturbative parametrization remains a good approximation. We integrate until the 2M t threshold, where we take M t ≃ 174.3(5.1) GeV as a best value given by PDG [33] . Table 2 , we deduce the final result at the end of that table, which we compile in Table 1 for a comparison with other previous determinations. We obtain 2 :
FINAL RESULT FOR
using the inclusive τ -decay data until 3 GeV 2 from ALEPH/OPAL [30, 31] for the isovector channel and using e + e − data below 3 GeV 2 [33] [34] [35] [36] for the isoscalar channel. The errors have been added quadratically. The effects of the heavy quark mesons have been treated using a narrow width approximation plus QCD continuum away from the quark-anti-quark thresholds.
From the alone e + e − data If we use the isovector e + e − data below 3 GeV 2 , we obtain:
which is slightly lower than the one from inclusive τ decay and less accurate. The difference in each region can be seen explicitly in Table 2 and easy to understand from the data given in [30, 24] .
Different source of errors − The main error (80% when added quadratically) in our previous determinations comes from the ρ-meson region below 0.8 GeV 2 . Hopefully, improved measurements of this region are feasible in the near future. − The second source of errors comes from the region around M τ for the inclusive τ -decay and between 1 GeV to M τ for the e + e − data. These errors are about half of the one from the region below 0.8 GeV 2 in most different determinations. They can be reduced by improved measurements of inclusive τ -decay near M τ (I = 1) and by improving the measurements of the odd multi-pions andKK,KKπ, ... channels in the I = 0 channels from e + e − data. − The contributions of the whole region above 3 GeV 2 induce much smaller errors (7% of the total). There is a quite good consensus between different determinations in this energy region.
Improvements from τ -decay data
Our results for the isovector contributions, show that the precise inclusive τ -decay data have significantly improved by almost a factor two the accuracy of the determination compared with the one from e + e − data. However, they are amended by the inaccuracy near M τ . Indeed, one can gain a bit in precision by using e + e − data in the region between 2.1 and 3 GeV 2 instead of τ -decay data, but we are aware of the disagreement among different e + e − data in this region. In this case of figure, one would get from Table 2 :
Final result and additional systematic errors We consider as a final result the average of the three results given in Eqs. (31), (32) and (33) . We consider the accuracy given in Eq. (33), which avoids the weakness of τ -decay data near M τ . We add to this error the following systematics: − We take into account, an eventual deviation from the CVC assumption 3 (CVC has been also tested in [53] ), and some other systematics in manipulating the isovector data by adding a systematic error of 15.5×10 −11 coming from the largest difference of the central value of Eqs. (31) and (32) from the average value. − We also add another 16×10 −11 systematics due to the difference of the continuum threshold 3 GeV 2 value for three flavours used here and the one from QCD global duality in [51] (see section 3.4). Adding the different errors quadratically, we deduce our final estimate:
It is amusing to notice that the central value of our different results almost coïncide with our 25 years old value [6, 7] and with the mean central value given in Table 1 .
COMPARISONS WITH PREVIOUS DE-TERMINATIONS OF a
had µ (l.o) QCD continuum − Our treatment of the QCD continuum in the heavy quark channels gives similar results than more involved parametrization [22] including non-perturbative gluon condensate and non-relativistic contributions. This is due to the fact that in the region where we work, the heavy quark-antiquark pairs are already relativistic with a quark velocity larger than 0.55. − Comparing existing estimates, one can see that there is a consensus on the size of the QCD continuum effect. The departures from different determinations come mainly from the treatment of the low-energy region below 2 GeV.
Isoscalars
For the isoscalar resonances, one can realize by comparing the results with existing estimates that the narrow width approximation (NWA) gives enough accurate results comparable in magnitude and accuracy with more sophisticated parametrization including width effects [21] .
Isovector channel and some global comparisons
In the following comparison, we shall use numbers in units of 10 −11 . − Comparison with [19, 22] It has been argued in [19] that the contribution from this region can be improved by using constraint imposed by ππ scattering data in the spacelike region on the pion form factor. The result a (104) comes from the region between 0.8 and 2 GeV 2 , but is not significant due to the large errors. It is argued in [22] that error from high-energy region can be reduced . − Comparison with [21] Our result agrees within the errors with the final result 7024(153) of [21] from their Table 3a 4 , with the updated result 6989(111) quoted in [8] , and with some of the results given in Table 2 . − Comparison with [24] [25] [26] For a proper comparison with these different determinations, we shall only consider the two regions separated by the scale √ t = M τ , and compare our result a had µ (l.o)( √ t ≤ M τ ) = 6426(76) obtained from τ -decay data. The central value of our result is relatively higher than the value 6365(74) in [25] and 6343 (60) in [26] . Within the errors, the 1st result is consistent with ours while the second shows one σ discrepancy. For comparing with the result of [24] , we subtract from their total result, the heavy quarks and QCD continuum contributions. In this way, we deduce the contribution 6405(94), much more closer to our result than the two formers, where one should also notice that our final results from the alone e + e − data agree. The exact origin of the discrepancy of the central values is not easy to detect due to the complexity of the analysis in this region, though it is reassuring that results based on maximal data inputs [24, 25] are consistent with ours within the errors.
We do not worry by the discrepancy with [26] , as it uses more theoretical inputs than data ("determination with minimal data input" as quoted from [54] ) for minimizing the errors , through the introduction (and subtraction) of some arbitrary polynomials in t (not coming from QCD first principles) for approach-ing the t = 0 region 5 . On the other hand, the use of "local duality" in a given interval is stronger than the standard applications of QCD spectral sum rules a la SVZ [44] (for a review see e.g. [40] ), where systematic uncertainties can be more severe. We do not expect that the result obtained in this way is much better (though apparently more accurate) than the ones previously obtained from pure data analysis.
One should also notice that, though one has been able to formulate the τ -decay width using QCD and the Operator Product Expansion (OPE) including the QCD vacuum condensates [39, 55] à la SVZ [44] , which has provided an accurate measurement of the QCD coupling α s [30, 31] , the extension of such a program to the analysis of the lepton anomaly cannot be done in a straightforward way due the existence of a pole at t = 0, which needs a nonperturbative QCD control of the contribution of the small circle at the origin when using the Cauchy contour for evaluating the muon anomaly in the complex-t plane. Such a control is not feasible at present from QCD first principles.
Final errors
We can conclude from the previous determinations in Table 1 and the present work that, with present data and with less theoretical inputs, a realistic error for extracting a 
with QED up to 8th order and EW including two-loop corrections [57] . − Higher order hadronic contributions For a had µ (h.o), we have used the contribution of the high-order vacuum polarizations (h.o) V.P recently estimated in [58] , where we have checked that the central value coïncide with the original estimate in [6] which has the same result for a had µ (l.o) though the error is larger in [6] due to older data. This feature is reassuring for a self-consistency check. As the data used in [6, 58] give smaller value of a had µ (l.o) by 1.00125 than the present work, we have rescaled the (h.o) V.P contribution by this small factor, and we deduce:
For the light by light scattering hadronic contributions, we use the average of the two estimates in [59] which agree each others 6 :
Then, we deduce:
− Total theoretical predictions in the SM Adding the results in Eqs. (35) and (38), one obtains the SM theoretical contributions:
= 116 584 669.9(39.2) × 10
where a had µ (l.o) is the lowest order hadronic contributions evaluated in this paper.
THEORY VERSUS EXPERIMENT
In confronting the theoretical estimate with the experimental value in Eq. (1), we shall use, for reasons explained previously, the result in Eq. (34) with a moderate accuracy. We deduce:
The mean central value from our selected determinations given in Table 1 would give:
after adding to the "statistical" error in Table 1 , the one from our determination in Eq. (34) . Both values indicate an eventual window of about 2σ for new physics beyond the standard model. A more definite claim is waiting for a more precise a µ measurement. We translate the results in Eqs. (40) and (41) into the conservative range:
We shall discuss some numerical implications of this result by giving conservative lower bounds on the scales of new physics discussed recently in the literature [4, [60] [61] [62] [63] .
LOWER BOUNDS ON NEW PHYSICS Supersymmetry
Using the expression given in [4] and for tan β ≡ φ 2 / φ 1 (ratio of Higgs expectation values) ≥ 4:
one obtains a conservative lower bound on the degenerate sparticle mass:
which is comparable with the present experimental lower bound of 100 GeV.
Radiative mass, composite and extended Zee models In these models where the typical contribution to a µ is about (m [4, 60, 61] , one can derive the lower bound on the scale of the models:
This constraint can also be translated into a lower bound on the mass of a singlet scalar in the Zee Model with a coupling 1/96π 2 [62] . One can deduce:
Leptoquarks scenarios Leptoquark effects on a µ have been discussed recently in [63] . For an electromagnetic coupling at the leptonleptoquark-quark vertex, one can deduce the approximate expression: as:
giving:
This bound is much larger than the present lower bounds of about (200 ∼ 300) GeV from direct search experiments at HERA and Tevatron. We expect that these different bounds will be improved in the near future both from accurate measurements of a µ and of e + e − data necessary for reducing the theoretical errors in the determinations of the hadronic contributions, being the major source of the theoretical uncertainties.
THEORY OF THE TAU ANOMALY
Here, we update our old and first work [7] on the τ lepton anomaly. We shall use M τ = 1.77703 GeV from PDG [33] ,
Lowest order hadronic contribution
The estimate from e + e − + τ -decay is given in Table 2 . Taking the similar average as in the case of the muon (section 3.5), one obtains:
One can see that the estimate 280(20) × 10 −8 in [64] , using present values of the QCD condensates [45, 40] , is much lower than this result. This appears to be a general feature of this method based on minimal data inputs (see e.g. [26] for a had µ (l.o) discussed in the previous section). A comparison with the result of [21] shows that in both cases of muon and tau, this result is systematically higher than ours by the same scaling factor 1.0004. Previous results 370(40) [7] and 360 (30) [65] in units of 10 −8 are comparable with ours but inaccurate.
Higher order hadronic contributions The higher order contributions due to vacuum polarization a had τ (h.o) V.P , can be obtained from the result of [58] . We rescale it by the factor 1/1.0083 like we have done for the muon case as explained in previous section 9. For the light by light scattering contribution, we use the result of [59] for the muon and we rescale it by the mass squared ratio (m τ /m µ ) 2 , which is expected to be a good approximation from the semianalytical expression given in [6] . Then, we obtain:
Therefore, we deduce:
Electroweak contributions
The lowest order electroweak SM contribution is wellknown:
to order (m τ /M ) 2 (M being the W or Higgs mass); We assume G τ = G µ = 1.166 39(1) × 10 −5 is the Fermi coupling; sin 2 θ W = 0.224, where θ W is the weak mixing angle. We add the two-loop contribution (2-loop/l.o≃ −65α/π) [57] , which induces a 15% reduction of the one loop result. We obtain:
QED contributions − Generalities These contributions have been first evaluated in [7] to order α 3 . Here, we revise and improve these evaluations. In so doing, we use the relation [66, 67] :
where l indicates the internal fermion loop appearing in the photon propagator. a 4 (l) and a 6 (l) can be deduced from the result of the muon anomaly while a 6 (ll ′ ) is a new contribution involving one electron and one muon loop insertion in one photon propagator. At the same order of truncation of PT series, one has [67, 56] : 
where we have used the measurement:
from the quantum Hall effect [68] . − QED at fourth order For evaluating this contribution, we use the dispersive representation:
where K τ (t) is the kernel function defined in Eq. (3). Then, we obtain: a 4 (e) = 2.024 29 and a 4 (µ) = 0.361 66 .
The former result is well approximated by the known analytic approximate relation to order (m e /m τ ) 2 given e.g. in [6] 
which leads to: a 6 (e) = 10.000 2 , a 6 (µ) = 2.934 0 .
a 6 (µ) differs from the value −.122 given in [65] where the origin of the negative value is not understandable from Eq. (61) but should come from a wrong term used there. We add the new class of contributions specific for a τ given in [7] : 
We parametrize the light by light scattering contribution as:
by combining the known coefficient of the log-term [69] and the numerical value of the total contribution for the muon [70] . This leads to: 
This contribution is so far the most important at sixth order. Adding the different contributions from Eqs (61) to (65) , one obtains to sixth order:
(a τ − a e ) 6 = 59.650 α π 3 = 74.758 × 10 −8 .
This effect is about the same strength as the weak interaction effect and bigger than the higher order hadronic contributions. − Total QED contribution up to sixth order Adding the previous QED contributions, we deduce a QED τ = 117 327.1(1.2) × 10
where the error comes from the measurement of α.
Final result
Summing up the previous different theoretical contributions, we deduce in the standard model: 
We consider this result as an improvement of our old [7] and other existing results. In [60] , only an average of different existing hadronic contributions have been added to the QED and electroweak contributions. In [7, 65] , the hadronic contributions are inaccurate, while the value of the sixth order QED contribution is incorrect. This value in Eq. (68) 
which, we wish, will be improved in the near future.
SUMMARY
− We have re-evaluated the lowest order hadronic contribution to the muon and tau anomalies using the precise τ -decay data below M τ and averaged e + e − data. Ours results are given in Table 2 and section 7, and our best choice in Eq. (34) . Though the approach is not conceptually new, the present situation of a µ (theory versus experiment) justifies a new independent reevaluation of the anomaly using minimal theoretical inputs. − We have extensively discussed the different sources of the errors in the analysis, which are dominated by the region below M τ . However, the relative weight of this region decreases for a τ (see also detailed discussions in [7] ) where a more precise theoretical prediction can then be provided. − We have compared our analysis summarized in Table 2 and our final result in Eq. (34) with some of the existing estimates given in Table 1 8 . − We have shortly discussed implications of our result to some models beyond the standard model, namely supersymmetry with large tan β, radiative muon mass, composite, some extended Zee and leptoquark models.
The lower bounds on the mass scale of these models from the muon anomaly is comparable or in some cases stronger than existing experimental lower bounds. − We have completed our work by updating our old estimate [7] of the different theoretical contributions (QED up to sixth order, higher order hadronic and electroweak) to the τ lepton anomaly. Our result is given in Eq. (68) . A precise future measurement of the τ -lepton anomaly is welcome as it will permit to probe the QED series at shorter distance, and where, the relative weights of different interaction effects are very different from the case of the muon.
